We construct highly edge-connected r-regular graph which do not contain r − 2 pairwise disjoint perfect matchings. The results partially answer a question stated by Thomassen [4].
Introduction
We consider finite graphs which may have parallel edges but no loops. Let r ≥ 0 be an integer. A graph G is r-regular, if every vertex has degree r. For 1 ≤ k ≤ r, a graph H is a k-factor of G, if H is a spanning k-regular subgraph of G. Recently, Thomassen stated the following problem. Theorem 1.2. Let t, r be positive integers and r ≥ 4. There are infinitely many t-edge-connected r-graphs which do not contain r − 2 pairwise disjoint 1-factors, where
• t = r, if r ≡ 0 mod 4;
• t = r − 1, if r ≡ 1 mod 2;
• t = r − 2, if r ≡ 2 mod 4.
Indeed, we prove that for any r ≥ 4, there are r-graphs of order 60 and simple r-graphs of order 70(r − 1) with this properties.
Proof of Theorem 1.2
Let G be a graph and N 1 , . . . , N k be a collection of subsets of E(G). The graph G ′ = G+(N 1 +· · ·+N k ) consists of all vertices of G, i.e. V (G ′ ) = V (G),
Perfect matchings of the Petersen graph
The edge set of a 1-factor of a graph G is a perfect matching of G. A collection C is a set of objects where repetitions are allowed. Namely we can formally define it as a set C = {C 1 , . . . , C n } together with a function m : C → N which gives the multiplicity of each object C j in C, that is the number of occurrences of C j in C. A subcollection C ′ of C is a subset C ′ ⊆ C with a function m ′ : C ′ → N such that m ′ (C j ) ≤ m(C j ) for all j ∈ {1, . . . , n}.
In this case we will write C ′ ⊆ C. Our construction heavily relies on the properties of the Petersen graph P . Let v 0 . . . v 5 and u 1 u 3 u 5 u 2 u 4 be the two disjoint 5-cycles of P such that
. . , 5}} and let M 1 be the only other perfect matching containing u 1 v 1 . Moreover let
where the sum of indices is taken modulo 5, see Figure 1 . Let M = {N 1 , . . . , N k } be a collection of perfect matchings of P and let P M = P + k j=1 N j . We say that a perfect matching N of P M is of type j, if N is a copy of M j . In this case we write t(N ) = j. We will use the following results of Rizzi [3] .
). The function associating to every pair of perfect matchings M i , M j of P the unique edge e ∈ M i ∩ M j is a bijection.
. Consider a perfect matching M j of P and let P ′ = P +M j . Furthermore let N 1 and N 2 be two disjoint perfect matchings of P ′ . Then Figure 1 : The perfect matchings M 0 , . . . , M 5 of P .
Proof. We argue by induction over k ∈ N. If k = 1, then the statement holds by Lemma 2.2. So let k ≥ 2 and 2.2 4k-edge-connected 4k-graphs without 4k − 2 pairwise disjoint perfect matchings
Lemma 2.4. For all k ≥ 1 : P k is 4k-edge-connected and 4k-regular.
Proof. By definition, P k is 4k-regular. Let X ⊆ V (P ). If |X| is odd, then every perfect matching intersects ∂(X). Hence, |∂(X)| ≥ 3+k+3(k−1) = 4k. If |X| is even, then it suffices to consider the cases |X| ∈ {2, 4}. Since P has girth 5, the subgraph induced by X is a path P X on either 2 or 4 vertices, having some multiple edge. In both cases, since the maximum multiplicity of an edge is 2k, we have that ∂(X) contains 2k edges per both end vertices of P X , namely |∂(X)| ≥ 4k.
Consider two copies P 1 k and P 2 k of P k . If u is a vertex (or edge) of P k , then we denote u i the corresponding vertex (or edge) inside P i k . For i ∈ {1, 2} remove the multiedge u i 1 v i 1 from P i k and let Q k be the graph obtained by identifying u 1
For a vector x = (x 1 , . . . , x n ) ∈ Z n 2 the number of its non-zero entries is denoted by ω(x).
Since |V i k | = 2k and N contains 4k − 2 perfect matchings, it follows that
Let T k be the graph on three vertices x 1 , x 2 , x 3 such that, for all i = j, there are k parallel edges connecting x i to x j .
Let G be a cubic graph. Construct the graph S k (G) as follows: replace every node v ∈ V (G) by a copy T v k of the graph T k and every edge e ∈ E(G) by a copy Q e k of the graph Q k . If the vertex v ′ is adjacent with the edge e ′ , then the graphs T v ′ k and Q e ′ k are connected by 2k edges. More precisely, add k edges connecting v 1 1 (or v 2 1 ) together with x i and k edges connecting v 1 1 (or v 2 1 ) together with x i+1 , for suitable i ∈ Z 3 . Connect those graphs in such a way that the resulting graph S k (G) is 4k-regular.
Let p = w 1 e 1 . . . w n e n be a path in G, for w j ∈ V (G) and e j ∈ E(G), then the chain C = T w 1 k Q e 1 k . . . T wn k Q en k consists of graphs which are connected to the previous and the next one, with respect to the chain order, in S k (G). In this case, we will say that the chain of a graph C forms a path in S k (G). Lemma 2.6. Let G be a bridgeless cubic graph. For all k ≥ 1 : S k (G) is a 4k-edge-connected 4k-regular graph.
Proof. S k (G) is 4k-regular by construction. We show that there are 4k pairwise disjoint paths between any two vertices of S k (G). Consider the graph R k = P k − u 1 v 1 , where we remove from P k all (2k) edges connecting u 1 to v 1 . Claim 1. The following statements hold: iii. for all
By Lemma 2.4, there are 4k edge-disjoint wv 1paths in P k . Then, since P k is 4k-regular and u 1 v 1 is an edge of multiplicity µ(u 1 v 1 ) = 2k, there are 2k of those paths ending with the edge u 1 v 1 . Thus, there are 2k wu 1 -paths and 2k wv 1 -paths which are pairwise edge-disjoint in R k and so ii. is proved.
In order to prove statement iii., pick two different vertices w 1 and w 2 in
Let t be the number of such paths containing the edge
The last statement holds since there are k pairwise edge-disjoint paths x i x j and there are k pairwise edge-disjoint paths x i x t x j , for t = i, j. Thus, the claim is proved.
Case 1: Y 1 and Y 2 correspond to two vertices w 1 and w 2 of G, that is, they both are copies of T k . If w 1 = w 2 , then Y 1 = Y 2 and the statement is trivial. If w 1 = w 2 , since G is bridgeless, there are two edge-disjoint w 1 w 2 -paths in G. These paths correspond to two chains of (internally) different subgraphs C = Y 1 N 1 . . . N p Y 2 and C ′ = Y 1 N ′ 1 . . . N ′ q Y 2 that both form a path in S k (G). Let s j , t j the nodes of N j which are adjacent to N j−1 and N j+1 respectively. Let s 1 be adjacent to Y 1 and t p be adjacent to Y 2 . Define in the very same way the vertices s ′ j , t ′ j in C ′ . By Claim 1, there are 2k pairwise edge-disjoint s 1 t p -paths in C and 2k pairwise edge-disjoint s ′ 1 t ′ q -paths in C ′ . Notice that s 1 = s ′ 1 and t p = t ′ q . By Claim 1, there are 2k pairwise edge-disjoint s 1 s ′ 1paths passing through Y 1 and 2k edge-disjoint t p t ′ q -paths passing through Y 2 . Therefore, all these paths combine to 4k edge-disjoint y 1 y 2 -paths in S k (G).
Case 2: If Y 1 and Y 2 correspond to a vertex and an edge, or to two edges of G, say a 1 and a 2 , then there is a circuit in G which contains a 1 and a 2 . By a similar argumentation as above we deduce that there are 4k-edge-disjoint y 1 y 2 -paths in S k (G). Suppose to the contrary that S k (G) has 4k − 2 pairwise disjoint perfect matchings. Consider a vertex v ∈ V (G) and the corresponding subgraph T v k . Since T v k has three vertices it follows that no component of φ( 3 } and X i be the set of 2k edges connecting T v k to Q e i k , see Figure 3 . By Lemma 2.5, for all i ∈ {1, 2, 3}, we have that ω(φ(X i )) = 2k − 1. Since the cardinality of the symmetric difference of three odd sets is odd it follows that there is a j ∈ {1, 2, . . . , 4k − 2} such that
), a contradiction.
Highly connected r-graphs on 60 vertices
To prove the other cases of Theorem 1.2, we continue with the construction of regular graphs on 60 vertices. For k ≥ 1: Let H k be the graph which is obtained from three copies
In order to simplify the description let z j be the vertex v j 1 of Q k , for j ∈ {1, 2}. For i ∈ {1, 2, 3}, if u is a vertex of Q k we denote by u i the corresponding vertex of the copy Q i k . Glue them together with the graph T k as follows: for all i ∈ {1, 2, 3},
where the indices are added modulo 3. The graph H 2 is depicted in Figure  4 .
Lemma 2.8. For all k ≥ 1: H k is a 4k-edge-connected 4k-graph of order 60 without 4k − 2 pairwise disjoint perfect matchings.
Proof. Let K 3 2 be the unique (loopless) cubic graph on two vertices. H k is obtained from S k (K 3 2 ) by removing one T k and then connecting the vertices of degree 2k pairwise by k (parallel) edges. Clearly, H k is 4k-regular. Note that {z 1 2 , z 2 2 , z 3 2 } induce a triangle T in H k where any two vertices are connected by k edges. Furthermore, for any 2k pairwise edge-disjoint paths which connect two vertices of {z 1 2 , z 2 2 , z 3 2 } in S k (K 3 2 ) and do not contain any edge of S k (K 3 2 ) − T k there are 2k corresponding paths in H k . Hence, H k is 4kedge-connected.
Suppose to the contrary that H k has 4k − 2 pairwise disjoint perfect matchings N = {N 1 , . . . , N 4k−2 }. By Lemma 2.5, for each i ∈ {1, 2, 3}, there are 2k − 1 edges of E(T ) which intersect an element of N and which are incident to z i 2 , a contradiction.
Next we will identify 4 pairwise disjoint matchings in H 2 . These matchings will be used to complete the proof of Theorem 1.2. containing the edges of M ∩ E(P 1 k ) is of type 0 or 1, suppose of type 0. In the same way, the unique perfect matching in P k = P 2 k + 2ku 2 1 v 2 1 containing the edges of M ∩ E(P 2 k ) is of type 3 or 4, suppose of type 3. In this case we say that Q k is of type (0, 3). For example, the bold perfect matching depicted in Figure 5 is such that all Q i k s are of type (0, 4). We call N 0 such a perfect matching in H k . Moreover, for i ∈ {1, 2, 3}, let N i be the perfect matching of H k such that:
where sums of indices are taken modulo 3. In Figure 5 N 1 is depicted using normal lines, N 2 is depicted using dotted lines and N 3 is depicted using dashed lines.
By construction of the perfect matchings N 0 , N 1 , N 2 , N 3 , the following lemma, which will be needed for the proof of Theorem 1.2, follows. Proof. Case 1: t = 2k + 1 for a k ≥ 1. Let H ′ k = H k + (N 0 + N 1 + N 2 ). Since the graphH = H k [N 0 +N 1 +N 2 ] is a 3-edge-colorable connected cubic graph, we have that for all X ⊆ V (H), |∂H (X)| ≥ 3, if X is odd and |∂H (X)| ≥ 2, if X is even. Then H ′ k is (4k + 2)-edge-connected (4k + 3)-graph. From the equality H ′ k = H k+1 − N 3 we deduce that it has no 4k + 1 pairwise disjoint perfect matchings. 
Simple graphs
Let v be a vertex of a graph G such that d G (v) = t. Moreover let v 1 , . . . , v t be the not necessarily distinct neighbors of v and u 1 , . . . , u t be the vertices of degree t − 1 of K t,t−1 . The Meredith extension [2] applied to G at v produces the graph G v obtained from G − v and a copy of the complete graph K t,t−1 by adding all edges v i u i , for i ∈ {1, . . . , t}. Notice that G is t-edge-connected if and only if G v is t-edge-connected. Furthermore, it is easy to see that for t ≥ 2, G does not have t pairwise disjoint perfect matchings if and only if G v does not have t pairwise disjoint perfect matchings.
Let V ⊂ V (H k ) be a vertex cover of H k . If Meredith extension is applied on every vertex of V, then we obtain simple r-edge-connected r-graphs without r − 2 pairwise disjoint perfect matchings. In particular, there is a vertex cover V of H k such that |V| = 35. Thus, expanding the vertices of V at the graphs of Lemmas 2.8, 2.10, and 2.11 yields simple t-edge-connected r-graphs of order 70(r −1) with the desired properties. Repeated application of Meredith extension yields infinite families of such graphs.
